
Concepts and Applications of Effective Field 
Theories: Flavor Physics and Beyond

01.02.2010

Mainzer MarkenzeichenMainzer Markenzeichen

TRIGA Ionenfallen MAMI LHC IceCube

ultrakalte
Neutronen

Antiprotonen Hadronen-
struktur

Higgs, SUSY,
Extra-Dimensionen

Neutrinos

Energie [GeV]
101410410010-1310-18

� Anwendung komplementärer Methoden, Ansätze und
Experimente zur Verfolgung gemeinsamer Ziele

� Methodische Vielfalt

� Breiter Bereich der physikalischen Skalen;
„von den niedrigsten zu den höchsten Energien“Matthias Neubert 

Mainz Institute for Theoretical Physics (MITP)

Johannes Gutenberg University, Mainz, Germany


!
BCVSPIN-MSPF-MITCHELL Joint School 2014 
Las Hadas Golf Resort & Marina 

Manzanillo, Colima, Mexico, 8-13 December 2014



Effective Field Theory

Effective field theories are a very powerful tool in quantum field 
theories:


• systematic formalism for the analysis of multi-scale problems  

• simplifies practical calculations, often makes them feasible 
(“Taylor expansion of Feynman graphs”)


• particularly important in QCD, where short-distance effects are 
calculable perturbatively, but long-distance effects are not


• provides new perspective on renormalization 

• basis of factorization (i.e. scale separation) and resummation 
of large logarithmic terms



Effective Field Theory

Useful reviews:


• E. Witten, Nucl. Phys. B 122 (1977) 109


• S. Weinberg, Phys. Lett. B 91 (1980) 51


• L. Hall, Nucl. Phys. B 178 (1981) 75


• J. Polchinsky, hep-th/9210046


• A. Buras, hep-ph/9806471


• M. Neubert, hep-ph/0512222



Effective Field Theory

Lecture I: 

• General concepts of EFTs


• Scale separation, integrating out high-energy modes,         
low-energy effective Lagrangian


• Modern view of QFTs and general principles


Lecture II: 

• Applications 


• The Standard Model as an effective field theory


• Interesting insights



Lecture I:  Concepts of Effective Field Theory



Derivation of the effective Lagrangian

Consider a QFT with a characteristic (fundamental) high-energy 
scale M


We are interested in performing experiments at energies


Step 1:  Choose a cutoff              and divide all quantum fields 
into high- and low-frequency components (            and            ):


!

Recall:


often makes such calculations feasible. As we will discuss, EFT also provides a new, modern
meaning to “renormalization”.

The main idea of EFT is simply stated: Consider a quantum field theory with a large,
fundamental scale M . This could be the mass of a heavy particle, or some large (Euclidean)
momentum transfer. Suppose we are interested in physics at energies E (or momenta p) much
smaller than M . How can we expand scattering or decay amplitudes in powers of E/M? The
answer to this question proceeds in several steps:

1. Choose a cutoff Λ < M and divide the fields of the theory into low-frequency and
high-frequency modes,

φ = φL + φH , (2)

where φL contains the Fourier modes with frequency ω < Λ, while φH contains the
remaining modes with frequency ω > Λ. We can think of the cutoff as a “threshold
of ignorance” in the sense that we may pretend to know nothing about the theory for
scales above Λ (which is indeed often the case). By construction, low-energy physics
is described in terms of the φL fields. Everything we ever wish to know about the
theory (Feynman diagrams, scattering amplitudes, cross sections, decay rates, etc.) can
be derived from vacuum correlation functions of these fields. These correlators can be
obtained using
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where

Z[JL] =

$
DφL DφH eiS(φL,φH)+i

%
dDx JL(x) φL(x) (4)

is the generating functional of the theory. Here S(φL,φH) =
%

dDxL(x) is the action, D
is the dimension of space-time, and we have only included sources JL for the light fields,
as this suffices to compute the correlation functions in (3).

2. In the next step, we perform the path integral over the high-frequency fields. This yields

Z[JL] ≡
$

DφL eiSΛ(φL)+i
%

dDx JL(x) φL(x) , (5)

where

eiSΛ(φL) =

$
DφH eiS(φL,φH) (6)

is called the “Wilsonian effective action”. Note that, by construction, this action depends
on the choice of the cutoff Λ used to define the split between low- and high-frequency
modes. SΛ is non-local on scales ∆xµ ∼ 1/Λ, because high-frequency fluctuations have
been removed from the theory. The process of removing these modes is often referred to
as “integrating out” the high-frequency fields in the functional integral.
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Derivation of the effective Lagrangian

Consider a QFT with a characteristic (fundamental) high-energy 
scale M


We are interested in performing experiments at energies


Step 1:  Choose a cutoff              and divide all quantum fields 
into high- and low-frequency components (            and            ):
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Physics (any Green function) at low energies             is entirely 
described in terms of the fields      ; Green functions of these 
fields can be derived from the generating functional: 
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Derivation of the effective Lagrangian

Step 2:  Since the high-frequency fields      do not appear in the 
generating functional, we can “integrate them out” in the path 
integral:


!

!

where


!

and              is called the Wilsonian effective action 


Dependence on the cutoff     enters via the condition on the 
frequencies of the fields 
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Derivation of the effective Lagrangian

Step 3:  Effective action is non-local on the scale                  , 
corresponding to the propagation of high-energy modes that 
have been removed from the Lagrangian 


Since the remaining fields have energies             , the non-local 
effective action can be expanded in an infinite series of local 
operators:


!

where:

�t ⇠ 1/!

! < ⇤
3. In the final step, we expand the non-local action functional in terms of local operators

composed of light fields. This process is called the (Wilsonian) operator-product expan-
sion (OPE). This expansion is possible because E ≪ Λ by assumption. The result can
be cast in the form

SΛ(φL) =

∫
dDxLeff

Λ (x) , (7)

where
Leff

Λ (x) =
∑

i

gi Qi(φL(x)) . (8)

This object is called the “effective Lagrangian”. It is an infinite sum over local operators
Qi multiplied by coupling constants gi, which are referred to as Wilson coefficients. In
general, all operators allowed by the symmetries of the theory are generated in the
construction of the effective Lagrangian and appear in this sum.

Since there is always an infinite number of such operators, the question arises: How can
the effective low-energy theory be predictive? This is where the simple, but powerful trick of
“naive dimensional analysis” comes to play. As is common practice in high-energy physics,
let us work in units where h̄ = c = 1. Then [m] = [E] = [p] = [x−1] = [t−1] are all measured
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Dimensional analysis

Since the Lagrangian has mass dimension D = dimensionality of 
spacetime (the action is dimensionless), it follows that 


!

Hence we can summarize:


!

!

!

!

Only a finite number of relevant and marginal operators exist!

�i = [Qi] = D + �i

Table 1: Classification of operators and couplings in the effective Lagrangian

Dimension Importance for E → 0 Terminology

δi < D, γi < 0 grows relevant operators

(super-renormalizable)

δi = D, γi = 0 constant marginal operators

(renormalizable)

δi > D, γi > 0 falls irrelevant operators

(non-renormalizable)

couplings in the low-energy effective theory. Consider scalar φ4 theory as an example. The
action is

S =

!
dDx

"
1

2
∂µφ ∂

µφ−
m2

2
φ2 −

λ

4!
φ4

#
. (11)

Using that x ∼ E−1 and ∂µ ∼ E, and requiring that the action scale like O(1) (in units of
h̄), we see that φ ∼ E

D
2
−1. If we denote by δi the mass dimension of an operator Qi, then

γi = δi − D. For the operators in the Lagrangian (11) we find:

δi γi Coupling

∂µφ ∂µφ D 0 1

φ4 2D − 4 D − 4 λ ∼ Λ4−D

φ2 D − 2 −2 m2 ∼ Λ2

More generally, an operator with n1 scalar fields and n2 derivatives has

δi = n1

"
D

2
− 1

#
+ n2 , γi = (n1 − 2)

"
D

2
− 1

#
+ (n2 − 2) . (12)

It follows that for D > 2 only few operators have γi ≤ 0.
A summary of these considerations is presented in Table 1. The common terminology

of “relevant”, “marginal”, and “irrelevant” operators given there is without a doubt one of
the worst misnomers is the history of physics. Really, “relevant” operators are usually unim-
portant, because they are forbidden by a symmetry (else they are disastrous, see below).
“Marginal” operators are all there is in renormalizable quantum field theories. And “irrele-
vant” operators are those that are really interesting, because they teach us something about
physics at the fundamental scale M .

A crucial insight, which one may term the “theorem of modesty”, is that no quantum field
theory is ever complete at arbitrarily high energy. At best it is an EFT valid up to some cutoff
scale Λ. This “scale of ignorance” is often a physical scale, such as the mass of a new particle,
which has not yet been discovered. When interpreted that way, many theories we know and
love can be seen as EFTs:

6
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!
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Example:      - theory at weak coupling 

Use the free Lagrangian to derive the mass dimension of all 
fields and couplings, assuming the theory is weakly coupled:


!

In D dimensions, it follows that:


!

Hence:

• The mass term is a relevant operator

• The interaction term is marginal in D=4 (relevant in D<4)

�4
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dimension:


!

• For D>2, adding fields or derivatives increases the dimension!
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φ2 D − 2 −2 m2 ∼ Λ2

More generally, an operator with n1 scalar fields and n2 derivatives has

δi = n1

"
D

2
− 1

#
+ n2 , γi = (n1 − 2)

"
D

2
− 1

#
+ (n2 − 2) . (12)

It follows that for D > 2 only few operators have γi ≤ 0.
A summary of these considerations is presented in Table 1. The common terminology

of “relevant”, “marginal”, and “irrelevant” operators given there is without a doubt one of
the worst misnomers is the history of physics. Really, “relevant” operators are usually unim-
portant, because they are forbidden by a symmetry (else they are disastrous, see below).
“Marginal” operators are all there is in renormalizable quantum field theories. And “irrele-
vant” operators are those that are really interesting, because they teach us something about
physics at the fundamental scale M .

A crucial insight, which one may term the “theorem of modesty”, is that no quantum field
theory is ever complete at arbitrarily high energy. At best it is an EFT valid up to some cutoff
scale Λ. This “scale of ignorance” is often a physical scale, such as the mass of a new particle,
which has not yet been discovered. When interpreted that way, many theories we know and
love can be seen as EFTs:
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Comments

High-energy theory Fundamental scale Low-energy theory

Standard Model MW ∼ 80 GeV Fermi theory

GUT MGUT ∼ 1016 GeV Standard Model

String theory MS ∼ 1018 GeV QFT

11-dim. M theory . . . String theory

. . . . . . . . .

The arguments just presented provide a new perspective on renormalization. Instead of
a paradigm of renormalizable theories based on the concept of systematic “cancellations of
infinities”, we should adopt the following, more physical point of view:

• Low-energy physics depends on the short-distance structure of the fundamental theory
via relevant and marginal couplings, and possibly through some irrelevant couplings
provided measurements are sufficiently precise.

• “Non-renormalizable” interactions are not forbidden; on the contrary, irrelevant opera-
tors always contribute at some level of precision. Their effects are simply numerically
suppressed if the fundamental scale M is much larger than the typical energies achievable
experimentally.

• These non-renormalizable, “irrelevant” interactions tell us something about the physics
at the cutoff scale Λ ∼ M .

A corrolary to the second item is that, at low energies, all EFTs are “automatically” renor-
malizable quantum field theories, provided that the cutoff scale Λ is large.

The comment about “irrelevant” interactions in the third item is very powerful, so let
us illustrate it with two prominent examples: i) Early measurements of the magnitude and
energy dependence of weak-interaction processes at low energy have indicated the relevance
of a high mass scale M ∼ 100 GeV. This was instrumental in finding the correct theory of
the weak interactions. ii) The local gauge symmetries of the Standard Model allow us to
write down a dimension-5 operator of the type g νT HHν with g ∼ 1/Λ. After electroweak
symmetry breaking, this operator gives rise to a neutrino Majorana mass term mν ∼ v2/Λ,
where v ∼ 246 GeV is the vacuum expectation value of the Higgs field. Seen as an EFT, the
Standard Model thus predicts the existence of neutrino masses, even though there are no right-
handed neutrino fields in the theory. The seasaw mechanism provides an explicit example of
how such a mass term might be realized in a more fundamental theory. But unless we forbid
the dimension-5 operator by imposing a symmetry such a lepton-number conservation, the
existence of neutrino masses is a generic prediction of the Standard Model. The fact that
the observed neutrino masses imply Λ ∼ 1014 GeV not far from the energy scale where the
three gauge couplings approximately unify is a strong argument in favor of the idea of Grand
Unification.

On the other hand, super-renormalizable terms in an effective Lagrangian are problematic.
Consider as an example the operator φ2 in scalar φ4 theory (i.e., the mass term for the scalar
field). In D = 4 dimensions we have δi = 2, γi = −2, and so we expect that m2 ∼ Λ2 by virtue
of the hypothesis of naturalness. Since such large fluctuations are indeed generated in the
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• SM and GUTs are perturbative QFTs

• Fermi theory contains only irrelevant operators (4 fermions)

• String/M theory: fundamental theory is non-local and even 

spacetime breaks down at short distances

QCD mb ~ 5 GeV HQET, NRQCD

MChSM ~ 1 GeV ChPT
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!

!

!

!
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how such a mass term might be realized in a more fundamental theory. But unless we forbid
the dimension-5 operator by imposing a symmetry such a lepton-number conservation, the
existence of neutrino masses is a generic prediction of the Standard Model. The fact that
the observed neutrino masses imply Λ ∼ 1014 GeV not far from the energy scale where the
three gauge couplings approximately unify is a strong argument in favor of the idea of Grand
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Consider as an example the operator φ2 in scalar φ4 theory (i.e., the mass term for the scalar
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Running couplings / Wilson coefficients

Often the fields       correspond to heavy particles, whose effects 
become unimportant at low energies


But the frequency decomposition implies that high-energy 
excitations of massless particles (such as gauge bosons) are 
also integrated out from the low-energy effective theory


Consider now the situation where we lower the cutoff          
without crossing the threshold for a heavy particle that            
could be integrated out:

• the structure of the operators Qi in the effective        

Lagrangian remains the same

• hence, the effect of lowering the cutoff must be entirely 

absorbed into the values of the coupling constants gi 

Follows that                  are running,    -dependent parameters!

�H

⇤

E

MM
⇤

gi = gi(⇤) ⇤



Modern quantum field theory

“Theorem of modesty”: 

• no QFT ever is complete on all length and energy scales

• all QFTs are low-energy effective theories valid in some energy 

range, up to some cutoff


Giving up renormalizability as a construction criterion for 
“decent” QFTs: 

• at low energy, any effective theory will automatically reduce to 

a “renormalizable” QFT, meaning that “non-renormalizable” 
interactions give rise to small contributions ~(E/M)n


• this does not make renormalization irrelevant, but it provides a 
different point of view (Wilsonian picture of the RG)

⇤



Modern quantum field theory

We should forget the folklore about “cancellations of infinities”


Adopt the more physical viewpoint that: 

• low-energy physics depends on the short-distance 

dynamics of the fundamental theory only through a small 
number of relevant and marginal couplings, and possibly 
through some irrelevant couplings if our measurements are 
sufficiently precise


• this finite number of couplings can be renormalized (i.e., 
infinities can be removed consistently) using a finite number 
of experimental data


• the criterion of “renormalizability” is automatically fulfilled 
(approximately) by any effective field theory




Modern quantum field theory

We should forget the folklore about “cancellations of infinities”


Adopt the more physical viewpoint that: 

• contrary to the old paradigm of strictly forbidding irrelevant 

interactions, we always expect them to be present and give 
rise to small effects, which may or may not be observable at a 
given level of accuracy


• this provides an “indirect way” to search for hints of physics 
beyond the (current) Standard Model:

!

!

• e.g.: flavor physics, neutrino physics, (g-2)μ, EDMs, dark-
photon searches, …

low-energy, high-precision measurements



Modern quantum field theory

Instead, relevant (“super-renormalizable”) interactions cause 
problems!


Consider, e.g., the mass term            in scalar field theory


Dimensional analysis suggests that 


But then a light scalar particle should not be present in the low-
energy effective theory!


!

The same argument applies for all mass terms                            
in any QFT!


And likewise for the cosmological constant!

m2�2

m2 ⇠ M2 ⇠ ⇤2
UV

Hierarchy problem!

Victor Weisskopf



Modern quantum field theory

New paradigm:  EFTs must be natural in the sense that all mass 
terms should be forbidden by (exact or broken) symmetries!


Indeed: 

• gauge invariance:  forbids mass terms for gauge fields 

(photons and gluons in the Standard Model)

• chiral symmetry:  forbids mass terms for fermions (all matter 

fields in the Standard Model)

Explains why the SM is a (broken) chiral gauge theory!
• But the Higgs boson exists and causes a naturalness problem!

• Supersymmetry: would link the masses of scalars and 

fermions and hence, in combination with chiral symmetry, 
forbid mass terms for scalar fields (solves hierarchy problem)



Is nature supersymmetric?

• The Higgs boson exists and causes a naturalness problem!

• Supersymmetry: would link the masses of scalars and 

fermions and hence, in combination with chiral symmetry, 
forbid mass terms for scalar fields (solves hierarchy problem)Higgs&und&das&Weltbild&der&Physik&

Führende&Idee:&Supersymmetrie&
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Is nature supersymmetric?



Lecture II:  Some applications of EFTs



Standard Model as an effective field theory

Some interesting insights can be gained by considering the 
Standard Model (SM) as a low-energy effective theory of some 
more fundamental theory (supersymmetry, extra dimensions, 
new strongly coupled physics, GUT, ...)


We will denote the scale of New Physics by M; this could be 
as large as 1016 GeV for some applications, but as small as 
103 GeV (= 1 TeV) for others


The SM Lagrangian should then be extended to an effective 
Lagrangian, which besides the SM terms contains additional, 
irrelevant operators 

These operators must respect the symmetries of the SM 
(gauge invariance, Lorentz symmetry, CPT) but are otherwise 
unrestricted 



Standard Model as an effective field theory

The effective Lagrangian encoding BSM effects up to operator 
dimension d=6 reads:

1 Introduction

The Standard Model (SM) of strong and electroweak interactions has been successfully tested
to a great precision [1]. Nevertheless, it is commonly accepted that it constitutes merely an
effective theory which is applicable up to energies not exceeding a certain scale Λ. A field
theory valid above that scale should satisfy the following requirements:

(i) its gauge group should contain SU(3)C × SU(2)L × U(1)Y of the SM,

(ii) all the SM degrees of freedom should be incorporated either as fundamental or composite
fields,

(iii) at low-energies, it should reduce to the SM, provided no undiscovered but weakly coupled
light particles exist, like axions or sterile neutrinos.

In most of beyond-SM theories that have been considered to date, reduction to the SM at
low energies proceeds via decoupling of heavy particles with masses of order Λ or larger. Such
a decoupling at the perturbative level is described by the Appelquist-Carazzone theorem [2].
This inevitably leads to appearance of higher-dimensional operators in the SM Lagrangian that
are suppressed by powers of Λ

LSM = L(4)
SM +

1

Λ

!

k

C(5)
k Q(5)

k +
1

Λ2

!

k

C(6)
k Q(6)

k +O

"
1

Λ3

#
, (1.1)

where L(4)
SM is the usual “renormalizable” part of the SM Lagrangian. It contains dimension-two

and -four operators only.1 In the remaining terms, Q(n)
k denote dimension-n operators, and

C(n)
k stand for the corresponding dimensionless coupling constants (Wilson coefficients). Once

the underlying high-energy theory is specified, all the coefficients C(n)
k can be determined by

integrating out the heavy fields.
Our goal in this paper is to find a complete set of independent operators of dimension 5 and 6

that are built out of the SM fields and are consistent with the SM gauge symmetries. We do not
rely on the original analysis of such operators by Buchmüller and Wyler [3] but rather perform
the full classification once again from the outset. One of the reasons for repeating the analysis
is the fact that many linear combinations of operators listed in Ref. [3] vanish by the Equations
Of Motion (EOMs). Such operators are redundant, i.e. they give no contribution to on-shell
matrix elements, both in perturbation theory (to all orders) and beyond [4–9]. Although the
presence of several EOM-vanishing combinations in Ref. [3] has been already pointed out in
the literature [10–13], no updated complete list has been published to date. Our final operator
basis differs from Ref. [3] also in the four-fermion sector where the EOMs play no role.

The article is organized as follows. Our notation and conventions are specified in Sec. 2. The
complete operator list is presented in Sec. 3. Comparison with Ref. [3] is outlined in Sec. 4.
Details of establishing operator bases in the zero-, two- and four-fermion sectors are described
in Secs. 5, 6 and 7, respectively. We conclude in Sec. 8.

1 Canonical dimensions of operators are determined from the field contents alone, excluding possible dimen-

sionful coupling constants. The only dimension-two operator in L(4)
SM is ϕ†ϕ in the Higgs mass term.

1

unique operator (neutrino masses):

X3 ϕ6 and ϕ4D2 ψ2ϕ3

QG fABCGAν
µ GBρ

ν GCµ
ρ Qϕ (ϕ†ϕ)3 Qeϕ (ϕ†ϕ)(l̄perϕ)

Q !G fABC !GAν
µ GBρ

ν GCµ
ρ Qϕ! (ϕ†ϕ)!(ϕ†ϕ) Quϕ (ϕ†ϕ)(q̄pur !ϕ)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QϕD

"
ϕ†Dµϕ

#⋆ "
ϕ†Dµϕ

#
Qdϕ (ϕ†ϕ)(q̄pdrϕ)

Q"W εIJK$W Iν
µ W Jρ

ν WKµ
ρ

X2ϕ2 ψ2Xϕ ψ2ϕ2D

QϕG ϕ†ϕGA
µνG

Aµν QeW (l̄pσµνer)τ IϕW I
µν Q(1)

ϕl (ϕ†i
↔

Dµ ϕ)(l̄pγµlr)

Qϕ !G ϕ†ϕ !GA
µνG

Aµν QeB (l̄pσµνer)ϕBµν Q(3)
ϕl (ϕ†i

↔

D I
µ ϕ)(l̄pτ

Iγµlr)

QϕW ϕ†ϕW I
µνW

Iµν QuG (q̄pσµνTAur)!ϕGA
µν Qϕe (ϕ†i

↔

Dµ ϕ)(ēpγµer)

Q
ϕ"W

ϕ†ϕ$W I
µνW

Iµν QuW (q̄pσµνur)τ I !ϕW I
µν Q(1)

ϕq (ϕ†i
↔

Dµ ϕ)(q̄pγµqr)

QϕB ϕ†ϕBµνBµν QuB (q̄pσµνur)!ϕBµν Q(3)
ϕq (ϕ†i

↔

D I
µ ϕ)(q̄pτ

Iγµqr)

Qϕ !B ϕ†ϕ !BµνBµν QdG (q̄pσµνTAdr)ϕGA
µν Qϕu (ϕ†i

↔

Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

Qϕ"WB ϕ†τ Iϕ$W I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(!ϕ†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (!ϕ†lp)
TC(!ϕ†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.
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Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (!ϕ†lp)
TC(!ϕ†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
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All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.

3

Weinberg (1979)



Standard Model as an effective field theory

1 Introduction

The Standard Model (SM) of strong and electroweak interactions has been successfully tested
to a great precision [1]. Nevertheless, it is commonly accepted that it constitutes merely an
effective theory which is applicable up to energies not exceeding a certain scale Λ. A field
theory valid above that scale should satisfy the following requirements:

(i) its gauge group should contain SU(3)C × SU(2)L × U(1)Y of the SM,

(ii) all the SM degrees of freedom should be incorporated either as fundamental or composite
fields,

(iii) at low-energies, it should reduce to the SM, provided no undiscovered but weakly coupled
light particles exist, like axions or sterile neutrinos.

In most of beyond-SM theories that have been considered to date, reduction to the SM at
low energies proceeds via decoupling of heavy particles with masses of order Λ or larger. Such
a decoupling at the perturbative level is described by the Appelquist-Carazzone theorem [2].
This inevitably leads to appearance of higher-dimensional operators in the SM Lagrangian that
are suppressed by powers of Λ

LSM = L(4)
SM +

1

Λ

!

k

C(5)
k Q(5)

k +
1

Λ2

!

k

C(6)
k Q(6)

k +O

"
1

Λ3

#
, (1.1)

where L(4)
SM is the usual “renormalizable” part of the SM Lagrangian. It contains dimension-two

and -four operators only.1 In the remaining terms, Q(n)
k denote dimension-n operators, and

C(n)
k stand for the corresponding dimensionless coupling constants (Wilson coefficients). Once

the underlying high-energy theory is specified, all the coefficients C(n)
k can be determined by

integrating out the heavy fields.
Our goal in this paper is to find a complete set of independent operators of dimension 5 and 6

that are built out of the SM fields and are consistent with the SM gauge symmetries. We do not
rely on the original analysis of such operators by Buchmüller and Wyler [3] but rather perform
the full classification once again from the outset. One of the reasons for repeating the analysis
is the fact that many linear combinations of operators listed in Ref. [3] vanish by the Equations
Of Motion (EOMs). Such operators are redundant, i.e. they give no contribution to on-shell
matrix elements, both in perturbation theory (to all orders) and beyond [4–9]. Although the
presence of several EOM-vanishing combinations in Ref. [3] has been already pointed out in
the literature [10–13], no updated complete list has been published to date. Our final operator
basis differs from Ref. [3] also in the four-fermion sector where the EOMs play no role.

The article is organized as follows. Our notation and conventions are specified in Sec. 2. The
complete operator list is presented in Sec. 3. Comparison with Ref. [3] is outlined in Sec. 4.
Details of establishing operator bases in the zero-, two- and four-fermion sectors are described
in Secs. 5, 6 and 7, respectively. We conclude in Sec. 8.

1 Canonical dimensions of operators are determined from the field contents alone, excluding possible dimen-

sionful coupling constants. The only dimension-two operator in L(4)
SM is ϕ†ϕ in the Higgs mass term.
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59 operator (2499 incl. flavor q. numbers)
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Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

Qϕ"WB ϕ†τ Iϕ$W I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(!ϕ†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (!ϕ†lp)
TC(!ϕ†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.
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Operators other than four-fermion operators

The effective Lagrangian encoding BSM effects up to operator 
dimension d=6 reads:



Standard Model as an effective field theory

1 Introduction

The Standard Model (SM) of strong and electroweak interactions has been successfully tested
to a great precision [1]. Nevertheless, it is commonly accepted that it constitutes merely an
effective theory which is applicable up to energies not exceeding a certain scale Λ. A field
theory valid above that scale should satisfy the following requirements:

(i) its gauge group should contain SU(3)C × SU(2)L × U(1)Y of the SM,

(ii) all the SM degrees of freedom should be incorporated either as fundamental or composite
fields,

(iii) at low-energies, it should reduce to the SM, provided no undiscovered but weakly coupled
light particles exist, like axions or sterile neutrinos.

In most of beyond-SM theories that have been considered to date, reduction to the SM at
low energies proceeds via decoupling of heavy particles with masses of order Λ or larger. Such
a decoupling at the perturbative level is described by the Appelquist-Carazzone theorem [2].
This inevitably leads to appearance of higher-dimensional operators in the SM Lagrangian that
are suppressed by powers of Λ

LSM = L(4)
SM +

1

Λ

!

k

C(5)
k Q(5)

k +
1

Λ2

!

k

C(6)
k Q(6)

k +O

"
1

Λ3

#
, (1.1)

where L(4)
SM is the usual “renormalizable” part of the SM Lagrangian. It contains dimension-two

and -four operators only.1 In the remaining terms, Q(n)
k denote dimension-n operators, and

C(n)
k stand for the corresponding dimensionless coupling constants (Wilson coefficients). Once

the underlying high-energy theory is specified, all the coefficients C(n)
k can be determined by

integrating out the heavy fields.
Our goal in this paper is to find a complete set of independent operators of dimension 5 and 6

that are built out of the SM fields and are consistent with the SM gauge symmetries. We do not
rely on the original analysis of such operators by Buchmüller and Wyler [3] but rather perform
the full classification once again from the outset. One of the reasons for repeating the analysis
is the fact that many linear combinations of operators listed in Ref. [3] vanish by the Equations
Of Motion (EOMs). Such operators are redundant, i.e. they give no contribution to on-shell
matrix elements, both in perturbation theory (to all orders) and beyond [4–9]. Although the
presence of several EOM-vanishing combinations in Ref. [3] has been already pointed out in
the literature [10–13], no updated complete list has been published to date. Our final operator
basis differs from Ref. [3] also in the four-fermion sector where the EOMs play no role.

The article is organized as follows. Our notation and conventions are specified in Sec. 2. The
complete operator list is presented in Sec. 3. Comparison with Ref. [3] is outlined in Sec. 4.
Details of establishing operator bases in the zero-, two- and four-fermion sectors are described
in Secs. 5, 6 and 7, respectively. We conclude in Sec. 8.

1 Canonical dimensions of operators are determined from the field contents alone, excluding possible dimen-

sionful coupling constants. The only dimension-two operator in L(4)
SM is ϕ†ϕ in the Higgs mass term.

1

(L̄L)(L̄L) (R̄R)(R̄R) (L̄L)(R̄R)

Qll (l̄pγµlr)(l̄sγµlt) Qee (ēpγµer)(ēsγµet) Qle (l̄pγµlr)(ēsγµet)

Q(1)
qq (q̄pγµqr)(q̄sγµqt) Quu (ūpγµur)(ūsγµut) Qlu (l̄pγµlr)(ūsγµut)

Q(3)
qq (q̄pγµτ Iqr)(q̄sγµτ Iqt) Qdd (d̄pγµdr)(d̄sγµdt) Qld (l̄pγµlr)(d̄sγµdt)

Q(1)
lq (l̄pγµlr)(q̄sγµqt) Qeu (ēpγµer)(ūsγµut) Qqe (q̄pγµqr)(ēsγµet)

Q(3)
lq (l̄pγµτ I lr)(q̄sγµτ Iqt) Qed (ēpγµer)(d̄sγµdt) Q(1)

qu (q̄pγµqr)(ūsγµut)

Q(1)
ud (ūpγµur)(d̄sγµdt) Q(8)

qu (q̄pγµTAqr)(ūsγµTAut)

Q(8)
ud (ūpγµTAur)(d̄sγµTAdt) Q(1)

qd (q̄pγµqr)(d̄sγµdt)

Q(8)
qd (q̄pγµTAqr)(d̄sγµTAdt)

(L̄R)(R̄L) and (L̄R)(L̄R) B-violating

Qledq (l̄jper)(d̄sq
j
t ) Qduq εαβγεjk

!
(dαp )

TCuβr
" !
(qγjs )TClkt

"

Q(1)
quqd (q̄jpur)εjk(q̄ksdt) Qqqu εαβγεjk

!
(qαjp )TCqβkr

" !
(uγs )

TCet
"

Q(8)
quqd (q̄jpT

Aur)εjk(q̄ksT
Adt) Q(1)

qqq εαβγεjkεmn

!
(qαjp )TCqβkr

" !
(qγms )TClnt

"

Q(1)
lequ (l̄jper)εjk(q̄

k
sut) Q(3)

qqq εαβγ(τ Iε)jk(τ Iε)mn

!
(qαjp )TCqβkr

" !
(qγms )TClnt

"

Q(3)
lequ (l̄jpσµνer)εjk(q̄

k
sσ

µνut) Qduu εαβγ
!
(dαp )

TCuβr
" !
(uγs )

TCet
"

Table 3: Four-fermion operators.

isospin and colour indices in the upper part of Tab. 3. In the lower-left block of that table,
colour indices are still contracted within the brackets, while the isospin ones are made explicit.
Colour indices are displayed only for operators that violate the baryon number B (lower-right
block of Tab. 3). All the other operators in Tabs. 2 and 3 conserve both B and L.

The bosonic operators (classes X3, X2ϕ2, ϕ6 and ϕ4D2) are all Hermitian. Those containing
#Xµν are CP-odd, while the remaining ones are CP-even. For the operators containing fermions,
Hermitian conjugation is equivalent to transposition of generation indices in each of the fermionic
currents in classes (L̄L)(L̄L), (R̄R)(R̄R), (L̄L)(R̄R), and ψ2ϕ2D2 (except for Qϕud). For the
remaining operators with fermions, Hermitian conjugates are not listed explicitly.

If CP is defined in the weak eigenstate basis then Q−
(+)

Q† are CP-odd (-even) for all the
fermionic operators. It follows that CP-violation by any of those operators requires a non-
vanishing imaginary part of the corresponding Wilson coefficient. However, one should remem-
ber that such a CP is not equivalent to the usual (“experimental”) one defined in the mass
eigenstate basis, just because the two bases are related by a complex unitary transformation.

Counting the entries in Tabs. 2 and 3, we find 15 bosonic operators, 19 single-fermionic-
current ones, and 25 B-conserving four-fermion ones. In total, there are 15+19+25=59 inde-
pendent dimension-six operators, so long as B-conservation is imposed.
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Four-fermion operators

59 operator (2499 incl. flavor q. numbers)

Flavor observables are crucial in order to  
explore this enormous parameter space!

The effective Lagrangian encoding BSM effects up to operator 
dimension d=6 reads:



Standard Model as an effective field theory

We will discuss a couple of interesting aspects of SM physics 
from the perspective of this constructions:


• neutrino masses and the see-saw mechanism


• effective weak interactions in the quark sector


• anomalous magnetic moment of the muon


• proton decay


• conservation of baryon and lepton numbers (accidental 
symmetries)


• Higgs production at the LHC



Neutrino masses and the see-saw mechanism

The discovery of non-zero neutrino masses is often described 
as a departure from the SM 


But this is no longer true if we consider the SM as an effective 
low-energy theory


Without a right-handed neutrino (which indeed is not part of 
the SM), it is impossible to write a neutrino mass term at the 
level of relevant or marginal operators


However, it is possible to write a gauge-invariant neutrino mass 
term at the level of irrelevant operators of dimension ≥5:


L
neutrino mass

=
g

M

�
l̃ TL �⇤�C

�
�̃lL

�



Neutrino masses and the see-saw mechanism

However, it is possible to write a gauge-invariant neutrino mass 
term at the level of irrelevant operators of dimension ≥5:


!

!

After electroweak symmetry breaking, this gives rise to a 
Majorana mass term of the form:


!

!

The SM as an effective field theory predicts that neutrinos 
should be massive, with                     suppressed by the 
fundamental scale of some BSM physics 

L
neutrino mass

=
g

M

�
l̃ TL �⇤�C

�
�̃lL

�

L
neutrino mass

= � v2g

2M
⌫̃ T
L C ⌫L

m⌫ ⇠ v2/M



Neutrino masses and the see-saw mechanism

Experiments hints at the fact that the fundamental scale relevant 
for the generation of neutrino masses is very heavy, 


!

which is not far from the scale of grand unification

M ⇠ 1014 GeV

Extensions of the SM containing heavy, 
right-handed neutrinos (with masses that 
are naturally of order M) provide explicit  
examples of fundamental theories which 
yield such a Majorana mass term when 
the heavy, right-handed neutrinos are 
integrated out (see-saw mechanism) 



Weak interactions at low energies (flavor physics)

Fermi’s description of the weak interactions at low energy is a 
prime example of an effective field theory, which has provided 
first evidence for the scale of electroweak symmetry breaking


At the low energies relevant for neutron β-decay, kaon physics, 
charm physics or B-meson physics (few MeV - few GeV), we can 
integrate out the heavy W and Z bosons as well as the top-quark 
and Higgs boson from the SM


This gives rise to a low-energy effective theory containing          
4-fermion interactions (Fermi theory) and dipole interactions 
between fermions and the photon and gluon


This effective Lagrangian successfully describes the huge 
phenomenology of flavor-changing processes



Weak interactions at low energies (flavor physics)

Example: Effective Lagrangian for b→s FCNC transitions       
(see Buras lectures for a derivation)


all other B decays into two light, flavour-nonsinglet pseudoscalar mesons. Using the
unitarity relation −λt = λu + λc, we write

Heff =
GF√

2

!

p=u,c

λp

"

C1 Qp
1 + C2 Qp

2 +
!

i=3,...,10

Ci Qi + C7γ Q7γ + C8g Q8g

#

+ h.c. , (1)

where Qp
1,2 are the left-handed current–current operators arising from W -boson exchange,

Q3,...,6 and Q7,...,10 are QCD and electroweak penguin operators, and Q7γ and Q8g are the
electromagnetic and chromomagnetic dipole operators. They are given by

Qp
1 = (p̄b)V −A(s̄p)V −A , Qp

2 = (p̄ibj)V −A(s̄jpi)V −A ,

Q3 = (s̄b)V −A

!

q (q̄q)V −A , Q4 = (s̄ibj)V −A

!

q (q̄jqi)V −A ,

Q5 = (s̄b)V −A

!

q (q̄q)V +A , Q6 = (s̄ibj)V −A

!

q (q̄jqi)V +A ,

Q7 = (s̄b)V −A

!

q
3
2eq(q̄q)V +A , Q8 = (s̄ibj)V −A

!

q
3
2eq(q̄jqi)V +A ,

Q9 = (s̄b)V −A

!

q
3
2eq(q̄q)V −A , Q10 = (s̄ibj)V −A

!

q
3
2eq(q̄jqi)V −A ,

Q7γ =
−e

8π2
mb s̄σµν(1 + γ5)F

µνb , Q8g =
−gs

8π2
mb s̄σµν(1 + γ5)G

µνb , (2)

where (q̄1q2)V ±A = q̄1γµ(1±γ5)q2, i, j are colour indices, eq are the electric charges of the
quarks in units of |e|, and a summation over q = u, d, s, c, b is implied. (The definition of
the dipole operators Q7γ and Q8g corresponds to the sign convention iDµ = i∂µ +gsAµ

ata
for the gauge-covariant derivative.) The Wilson coefficients are calculated at a high scale
µ ∼ MW and evolved down to a characteristic scale µ ∼ mb using next-to-leading order
renormalization-group equations. The essential problem obstructing the calculation of
nonleptonic decay amplitudes resides in the evaluation of the hadronic matrix elements
of the local operators contained in the effective Hamiltonian.

Applying the QCD factorization formula and neglecting power-suppressed effects, the
matrix elements of the effective weak Hamiltonian can be written in the form [14, 15]

⟨πK|Heff |B̄⟩ =
GF√

2

!

p=u,c

λp ⟨πK|Tp + T ann
p |B̄⟩ , (3)

where

Tp = a1(πK) δpu (ūb)V −A ⊗ (s̄u)V −A

+ a2(πK) δpu (s̄b)V −A ⊗ (ūu)V −A

+ a3(πK)
!

q (s̄b)V −A ⊗ (q̄q)V −A

+ ap
4(πK)

!

q (q̄b)V −A ⊗ (s̄q)V −A

+ a5(πK)
!

q (s̄b)V −A ⊗ (q̄q)V +A

4
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renormalization-group equations. The essential problem obstructing the calculation of
nonleptonic decay amplitudes resides in the evaluation of the hadronic matrix elements
of the local operators contained in the effective Hamiltonian.

Applying the QCD factorization formula and neglecting power-suppressed effects, the
matrix elements of the effective weak Hamiltonian can be written in the form [14, 15]
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�p = V ⇤
psVpb (CKM matrix elements)



Weak interactions at low energies (flavor physics)

Example: Effective Lagrangian for b→s FCNC transitions       
(see Buras lectures for a derivation)


t

u s

d u

W

(a)

u s

d u

Wg

W

g

(b)

d s

q q

u,c,t u,c,t

W

γ ,Z

(c)

d s

q q

u,c,t u,c,t

u,c,t

γ ,Z

d s

q q

W W

W

g,γ

(d)

b s

t t

W

W

(e)

d b,s

b,s d

u,c,t u,c,t

W

γ ,Z

(f)

d s

l l

t

Figure 3: Typical diagrams in the Standard Model which generate the different operators
in the effective weak Lagrangian. The current-current operators Q1,2 result from graphs of
type (a), the QCD penguin operators Q3,...,6 from graphs of type (b), the electroweak penguin
operators Q7,...,10 from graphs of type (c), and the dipole operators from graphs of type (d).
Digram (f) generates the operators with leptons shown in (31), while diagram (e) contributes
to B–B̄ and K–K̄ mixing. (Figure taken from [8] with permission from the authors)

Some particular features of the Standard Model have been implicitly incorporated in the
above considerations, namely that only left-handed fields are involved in flavor-changing weak
interactions, that light (approximately massless) quarks have identical couplings with respect
to the strong interactions, and that all up-type (u, c) and down-type (d, s, b) quark fields couple
identically to the weak force.

The unitarity of the CKM matrix implies λu +λc +λt = 0, where λp ≡ VpbV ∗
ps. We will use

this relation to eliminate CKM factors involving couplings of the top quark. Note also that
in the limit mu = mc = 0 (which is justified at dimension-6 order) the penguin graphs always
involve λt = −(λu + λc). The final result for the effective weak Lagrangian reads

Leff = −
GF√

2

!
"

p=u,c

λp

#
C1Q

(p)
1 + C2Q

(p)
2

$
+

"

i=3,...,10,7γ,8g

(λu + λc) CiQi

%

. (36)

16

SM diagrams involving virtual 
heavy-particle exchanges 
contributing to the low-energy 
effective weak Lagrangian



Weak interactions at low energies (flavor physics)

Example: Effective Lagrangian for b→s FCNC transitions       
(see Buras lectures for a derivation)


From the fact that the leading operators in the low-energy 
effective theory have dimension 6, it follows that the 
corresponding couplings are irrelevant and proportional to MW2, 
indeed: 


!

!

The strong suppression of these contributions at low energies 
explains why we refer to these interactions as the weak 
interactions, even though the coupling constants of the     
SU(2)L⊗U(1)Y electroweak interactions is about as large as the 
electromagnetic coupling constant

GFp
2
=

g22
8M2

W



Weak interactions at low energies (flavor physics)

A global analysis of experimental data on                                    
and   d                    decay distributions provides information 
about various operator coefficients (defined to vanish in SM): 

B ! Xs� , B ! K⇤�,
B ! K(⇤)µ+µ�

A first hint of New Physics?
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Figure 5: Allowed regions in the Re(CNP
9 )-Re(C 0

9) plane (left) and the Re(CNP
9 )-Re(CNP

10 ) plane
(right). The blue contours correspond to the 1 and 2� best fit regions from the global
fit. The green and red contours correspond to the 1 and 2� regions if only branching
ratio data or only data on B ! K⇤µ+µ� angular observables is taken into account.

tension with the SM prediction

RK =
BR(B ! Kµ+µ�)[1,6]
BR(B ! Ke+e�)[1,6]

= 0.745+0.090
�0.074 ± 0.036 , RSM

K ' 1.00 . (23)

The theoretical error of the SM prediction is completely negligible compared to the current
experimental uncertainties. The tension between the SM prediction and the experimental data
is driven by the reduced B ! Kµ+µ� branching ratio, while the measured B ! Ke+e�

branching ratio is in good agreement with the SM. In our extended global fit we do not
use the RK measurement directly but instead include the B ! Kµ+µ� and B ! Ke+e�

branching rations separately, taking into account the correlations of their theory uncertainties.
As the theory uncertainties of BR(B ! Kµ+µ�) and BR(B ! Ke+e�) are essentially 100%
correlated, our approach is to a good approximation equivalent to using RK .
In fig. 6 we show the result of two fits that allow for new physics in Cµ

9 and Ce
9 (left plot) and

new physics along the SU(2)L invariant directions Cµ
9 = �Cµ

10 and Ce
9 = �Ce

10. Recall that
in section 3.3 we found that new physics in these scenarios gives the by far best description of
the experimental b ! sµ+µ� data. As expected, we again find that a Cµ

9 significantly smaller
than in the SM is clearly preferred by the fits. The best fit regions for Cµ

9 and Cµ
9 = �Cµ

10

approximately coincide with the regions found for C9 and C9 = �C10 in section 3.3. The
Wilson coe�cients Ce

9 and Ce
9 = �Ce

10 on the other hand are perfectly consistent with the
SM prediction. Lepton flavour universality, i.e. Cµ

9 = Ce
9 and Cµ

10 = Ce
10 as indicated by the

diagonal line in the plots is clearly disfavoured by the data. Our results are consistent with
similar findings in recent fits to part of the available experimental data [8, 9].
Working under the assumption that the electron modes are indeed SM like, we can make

predictions for ratios of observables that test lepton flavour universality using the best fit
regions for the muonic Wilson coe�cients from our global fit. We consider ratios of branching
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9 = �Ce

10. Recall that
in section 3.3 we found that new physics in these scenarios gives the by far best description of
the experimental b ! sµ+µ� data. As expected, we again find that a Cµ

9 significantly smaller
than in the SM is clearly preferred by the fits. The best fit regions for Cµ

9 and Cµ
9 = �Cµ

10

approximately coincide with the regions found for C9 and C9 = �C10 in section 3.3. The
Wilson coe�cients Ce

9 and Ce
9 = �Ce

10 on the other hand are perfectly consistent with the
SM prediction. Lepton flavour universality, i.e. Cµ

9 = Ce
9 and Cµ

10 = Ce
10 as indicated by the

diagonal line in the plots is clearly disfavoured by the data. Our results are consistent with
similar findings in recent fits to part of the available experimental data [8, 9].
Working under the assumption that the electron modes are indeed SM like, we can make

predictions for ratios of observables that test lepton flavour universality using the best fit
regions for the muonic Wilson coe�cients from our global fit. We consider ratios of branching
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Our work builds on our previous global analyses of NP in b ! s transitions [3,24,25], but we
have built up our analysis chain from scratch to incorporate a host of improvements. Compared
to our previous analyses and to comparable recent studies in the literature [2, 4, 5, 8, 9], the
novel features of our analysis are as follows.

• In our global fits, we take into account all the correlations of theoretical uncertainties
between di↵erent observables and between di↵erent bins. This has become crucial to
assess the global significance of any tension, as the experimental data are performed in
more and more observables in finer and finer bins.

• We assess the impact of di↵erent choices for the estimates of theoretical uncertainties on
the preferred values for the Wilson coe�cients.

• We use the information on B ! K⇤ and Bs ! � form factors from the most precise LCSR
calculation [13, 16], taking into account all the correlations between the uncertainties of
di↵erent form factors and at di↵erent q2 values. This is particularly important to estimate
the uncertainties in angular observables that involve ratios of form factors.

Our paper is organized as follows. In section 2, we define the e↵ective Hamiltonian and
discuss the most important experimental observables, detailing our treatment of theoretical
uncertainties. In section 3, we perform the numerical analysis. We start by investigating
which sources of theoretical uncertainties, if underestimated, could account for the tension
even within the SM. We then proceed with a model-independent analysis beyond the SM,
studying the allowed regions for the NP Wilson coe�cients. In section 4, we discuss what the
model-independent findings imply for the Minimal Supersymmetric Standard Model as well as
for models with a new heavy neutral gauge boson. We summarize and conclude in section 5.
Several appendices contain all our SM predictions for the observables of interest, details on
our treatment of form factors, and plots of constraints on Wilson coe�cients.

2. Observables and uncertainties

2.1. E↵ective Hamiltonian

The e↵ective Hamiltonian for b ! s transitions can be written as

He↵ = �4GFp
2
VtbV

⇤
ts

e2

16⇡2

X

i

(CiOi + C 0
iO

0
i) + h.c. (1)

and we consider NP e↵ects in the following set of dimension-6 operators,

O7 =
mb

e
(s̄�µ⌫PRb)F

µ⌫ , O0
7 =

mb

e
(s̄�µ⌫PLb)F

µ⌫ , (2)

O9 = (s̄�µPLb)(¯̀�
µ`) , O0

9 = (s̄�µPRb)(¯̀�
µ`) , (3)

O10 = (s̄�µPLb)(¯̀�
µ�5`) , O0

10 = (s̄�µPRb)(¯̀�
µ�5`) , (4)

Of the complete set of dimension-6 operators invariant under the strong and electromagnetic
gauge groups, this set does not include

• Four-quark operators (including current-current, QCD penguin, and electroweak penguin
operators). These operators only contribute to the observables considered in this analy-
sis through mixing into the operators listed above and through higher order corrections.
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SM operators:

Opposite chirality operators:



Anomalous magnetic moment of the muon

In a celebrated calculation that was the birth of modern QFT, 
Schwinger computed the anomalous magnetic moment of the 
electron in 1948 and found:


!

!

How will this result be affected if the SM is considered as an 
effective field theory?
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Anomalous magnetic moment of the muon

In a celebrated calculation that was the birth of modern QFT, 
Schwinger computed the anomalous magnetic moment of the 
electron in 1948 and found:
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How will this result be affected if the SM is considered as an 
effective field theory?


Add unique dimension-5 operator (                        ): 

µe =
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2me
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2
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factor v required by EWSB



Anomalous magnetic moment of the muon

In a celebrated calculation that was the birth of modern QFT, 
Schwinger computed the anomalous magnetic moment of the 
electron in 1948 and found:


!

!

This adds         to      and hence:


!

!

As long as                 the additional term will be very small, and 
by comparing a measurement of        with theory we can 
constrain M

g/M µe

M � me
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gmev

M2
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Anomalous magnetic moment of the muon

Analogous discussion (with      replaced by       ) holds for the 
muon


In this case, there is presently a 3.6 σ discrepancy between 
theory and experiment:


!

!

Interpreting this effect in terms of our irrelevant operator implies 
that:


me mµ

aSMµ � aexpµ ⇡ �2.8 · 10�9

One of the best hints for BSM physics!

M ⇠ p
g ⇥ 100TeV

contains loop factor (small)



Proton decay

Suppose you know the gauge symmetry SU(3)c⊗SU(2)L⊗U(1)Y 
of the SM but nothing else (no GUTs). What could you say 
about proton decay?


The effective Lagrangian must contain at least three quark 
fields (change baryon number by 1 unit) and one lepton field 
(change lepton number by 1 unit)


Hence:


!

Since the lowest-dimension operators have dimension 6 
(corresponding to              ), the proton can be made sufficiently 
long-lived by raising the fundamental scale M into the 1016 GeV 
range

L
proton decay

⇠ g

M2

qqq`

�i = �2



Proton decay

Now imagine that you do not know about the existence of 
quarks (no one has seen any) but you do know about protons 
and pions


Then an effective Lagrangian giving proton decay could be:


!

This is a marginal operator, and hence proton decay would not 
be suppressed by any large mass scale!


In some sense, we see that the longevity of the proton provides 
a hint for a substructure of the proton: replacing a fundamental 
field by a composite of several fields raises the dimension of 
the operators and hence gives rise to additional suppression


L
proton decay

⇠ g ⇡  ̄e  p



Proton decay

The same trick can be applied to other fine-tuning problems


For example, the hierarchy problem can be solved by supposing 
that the Higgs boson is not an elementary scalar particle but 
instead a composite of a pair of elementary fermions 

If this is the case, then the Higgs mass term corresponds to a  
4-fermion operator, which is irrelevant


This is the main idea of composite Higgs and technicolor 
theories



Baryon and lepton number conservation

In the construction of the SM, the conservation of baryon and 
lepton number is not imposed as a condition 


There are no corresponding U(1) symmetries of the Lagrangian


How can we understand that in nature we have not seen any 
hints of baryon- or lepton-number violating processes?




Baryon and lepton number conservation

In the construction of the SM, the conservation of baryon and 
lepton number is not imposed as a condition 


There are no corresponding U(1) symmetries of the Lagrangian


How can we understand that in nature we have not seen any 
hints of baryon- or lepton-number violating processes?


The answer is that it is impossible to construct any relevant or 
marginal operator that would respect the gauge symmetries of 
the SM and violate baryon or lepton number!


Hence, at the level of renormalizable interactions, baryon- and 
lepton-number conservation are accidental symmetries of the 
SM



Higgs production at the LHC

The protons collided at the LHC contain only light quarks (u,d, 
and a little bit of s), which in the SM have negligible couplings to 
the Higgs boson, and gluons, which do not couple to the Higgs 
boson at all


How, then, is the Higgs boson produced in pp collisions at the 
LHC?



Higgs production at the LHC

The protons collided at the LHC contain only light quarks (u,d, 
and a little bit of s), which in the SM have negligible couplings to 
the Higgs boson, and gluons, which do not couple to the Higgs 
boson at all


How, then, is the Higgs boson produced in pp collisions at the 
LHC?


We can gain insight by assuming (as seems to be the case) that 
the Higgs boson is lighter than the top quark


We can then construct an effective low-energy theory for Higgs 
physics, in which the top quark is integrated out



Higgs production at the LHC

In this effective low-energy theory, direct couplings of the Higgs 
boson to pairs of gluons and photons arise at the level of 
irrelevant dimension-5 operators, with coefficients that scale 
like 1/mt , e.g.: 

!

!

These operators appear first at one-loop                                
order, via the exchange of a virtual top-quark


The effective hgg interaction provides the                    
dominant production mechanism for the Higgs                     
boson in gluon-gluon fusion at the LHC

Lhgg =
ytp
2mt

↵s

12⇡
hGa

µ⌫G
µ⌫,a

g

g

h
q(n)

q(n)

q(n)

Figure 1: Effective couplings of the Higgs boson to two gluons induced by the exchange
of KK quarks.

that it has unit area. The η-dependence of the Yukawa couplings is implicit in our notation,
but it will play an important role in our analysis.

In the presence of the regularized Higgs profile, the bulk equations of motion for the profile
functions read

d

dt
U (n)
L (t) = −xn U (n)

R (t) +Mu(t) U (n)
L (t) ,

−
d

dt
U (n)
R (t) = −xn U (n)

L (t) +Mu(t) U (n)
R (t) ,

(8)

where

Mu(t) =
1

t

!
cQ 0

0 −cu

"
+

v√
2MKK

δη(t− 1)

!
0 Yu

Y †
u 0

"
(9)

is the generalized mass matrix. Here cQ = MQ/k and cu = −Mu/k are hermitian matrices
containing the bulk mass parameters of the 5D theory, which without loss of generality can
be taken to be diagonal. The boundary conditions are such that the odd profiles vanish on
the two branes, which implies

(0 1) U (n)
L (ti) = 0 , (1 0) U (n)

R (ti) = 0 ; for ti = {ϵ, 1} . (10)

3 Low-energy effective Lagrangian for the hgg couplings

We are now ready to derive the effective low-energy Lagrangian for the Higgs-boson couplings
to a pair of gluons, which are induced by the exchange of KK quarks. This Lagrangian is valid
at energies below the scale MKK, at which these states can be integrated out. The relevant
Feynman diagram arising at one-loop order is shown in Figure 1. Since the gluon couplings
to fermions are diagonal, a single quark state q(n) runs in the loop. Summing over the KK
tower, we obtain1

Leff,KK
hgg = CKK

1 (µ)
αs(µ)

12πv
hGa

µν G
µν,a − CKK

5 (µ)
αs(µ)

8πv
hGa

µν
#Gµν,a , (11)

1Note that the Higgs vacuum expectation value v in the RS model can differ from its value in the SM by
a small amount. [What shall we do about this?]

4

t  

t  

t  



Summary

Effective field theories are a very powerful tool in quantum field 
theory


The are of great practical use, but also provide the conceptual 
tools to understand scale separation (factorization) and 
renormalization in a physical and systematic way


Effective field theories are abundant, since any QFT can be 
considered as an effective low-energy theory of some more 
fundamental theory, which is often not yet known


Because of this fact, effective field theories provide the tools to 
perform indirect searches for new physics beyond the 
Standard Model
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